A generalization of a 4-dimensional Einstein manifold 
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Abstract 



Zj ' A weakly Einstein manifold is a generalization of a 4-dimensional Einstein man- 

ifold, which is defined as an application of a curvature identity derived from the 
ON I generalized Gauss-Bonnet formula for a 4-dimensional compact oriented Rieman- 

nian manifold. In this paper, we shall give a characterization of a weakly Einstein 
manifold. 
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1 Introduction 

In the previous paper [3J, we derived a curvature identity on a 4-dimensional compact 
oriented Riemannian manifold from the generalized Gauss-Bonnet formula, and further 
gave a direct proof of the fact that the curvature identity holds on any 4-dimensional 

o 



Riemannian manifold which is not necessarily compact. Consequently, we proved that 
the following curvature identity holds on any 4-dimensional Riemannian manifold M = 

(M,g): 

>< i R - 2p - Lp + rp - -{\R\ 2 ~ 4|p| 2 + r 2 )g = 0. (1.1) 

Here, 

R : Rij = R a b ci R abC j, p : = p a ip a j, 
L : {Lp)ij = 2R iab jp ab , 

where R, p and r are the curvature tensor, the Ricci tensor and the scalar curvature of 
M, respectively. 

From (11 .11) . we may easily check that any 4-dimensional Einstein manifold M = (M, g) 
satisfies the condition 

R ahc iR a bcj = ~r\R\ 2 9ij- (1-2) 



E-mail addresses: prettyfish@skku.edu (Y. Euh), parkj@skku.edu (J. H. Park), 
sekigawa@math.sc.niigata-u.ac.jp (K. Sekigawa). 
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In [3], we denned a weakly Einstein manifold based on the above, i.e. Riemannian 
manifold M = (M,g) satisfying the condition (11. 2p (with |i?| 2 not necessarily constant). 
By the definition, we see immediately that a weakly Einstein manifold in dimension 4 
is a generalization of a 4-dimensional Einstein manifold (see Examples 4 and 5 in §3). 
We may also remark that a weakly Einstein manifold is not necessarily Einstein. As 
a characterization of a 4-dimensional Einstein manifold, the following theorem is well- 
known. 

Theorem A ([Sj) A 4- dimensional Riemannian manifold M = (M,g) is Einstein if and 
only if there exists a Singer-Thorpe basis ofT p M at each point p G M. 

The main purpose of the present paper is to give a generalization of Theorem A. 
Namely, we shall prove the following: 

Theorem B A 4-dimensional Riemannian manifold M = (M, g) is weakly Einstein if 
and only if there exists a generalized Singer-Thorpe basis of T P M at each point p G M. 

In §2, we shall prepare some fundamental terminologies and notational conventions 
for the forthcoming arguments. In §3, we shall give a proof of Theorem B. 

2 Preliminaries 

Let M = (M, g) be a 4-dimensional Riemannian manifold and X(M) be the Lie algebra 
of all smooth vector fields on M. We denote the Levi-Civita connection, the curvature 
tensor, the Ricci tensor and the scalar curvature of M by V, R, p and r, respectively. 
We assume that the curvature tensor R is defined by R(X, Y)Z — [Vx, Vy]Z — V[x,y\Z 
for X, Y, Z G X(M). Further, we denote the Ricci transformation by Q given by 
p(X,Y) = g(QX,Y) for A, y G X(M). Then, we may easily check that Q is symmetric 
with respect to the metric g, namely, g(QX, Y) = g(X, QY) for A, Y G X(M). Now, we 
may rewrite the curvature identity (II. ip as follows: 



with respect to an orthonormal basis {e^} (1 < i < 4) of T p M at any point p G M, where 
Rijki = g(R(ei,ej)e k ,ei), = p{e h ej). 

We here introduce some special kinds of orthonormal basis of T p M (p G M) and explain 
their intermediate relationships. We assume that an orthonormal basis {e^} (1 < i < 4) 




a,b,c 



a 



u.b 



(2.1) 
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of TpM is simultaneously a Ricci eigenbasis and Chern basis [2j El [7] satisfying 

-R1213 = -R1214 = -R1223 = -R1224 = -R1314 = -R1323 = 0. (2-2) 
Then, we have further 

-R2434 = -^2334 = -^1434 = -^1334 = -^2324 = -^1424 = 0. (2-3) 

Thus, from (I2.2p and (12.31) . we have 

R ijjk = (i^k), (l<i,j,k<4). (2.4) 

Conversely, if (12.41) holds with respect to an orthonormal basis {e{\ of T p M, then we see 
that the basis {e{\ is a Ricci eigenbasis and a Chern basis at the same time. 

The following example shows that a Ricci eigenbasis is not necessarily always a Chern 
basis. 

Example 1 Let g = span M {ei, e 2 , e 3 , e 4 } be a 4-dimensional real Lie algebra equipped 
with the following Lie bracket operation: 

[ei,e 2 ] = 2e 2 , [ei,e 3 ] = -e 3l [ei, e 4 ] = 2e 3 - e 4 , 
[e 2 , e 3 ] = 0, [e 2 , e 4 ] = 0, [e 3 , e 4 ] = 0, 

and <, > the inner product on q given by < ej, ej >= 5ij. Let G be a connected and 
simply connected solvable Lie group with the Lie algebra q of G and g the G-invariant 
Riemannian metric on G determined by <, >. We set V ei ej = Ylt=i ^ijk e k, (1 < hj < 4). 
Then, we get 

r«jfc = —Tikj (2.6) 

and further, from (12.51) . we obtain 

Ti34 = —1, T 2 i 2 = —2, r 3 i 3 = 1, 

1^314 — — i? 1^413 = — i) r 414 = 1, 

and otherwise being zero up to sign. From (12.61) and (12.71) . by direct calculations, we have 



-R1212 


= 4, 


i?l 4 l 4 


= 4, 




^2323 


= -2, 


-^2424 


= -2, 


(2 


-Rl314 


= -2, 


-^2324 


= 2, 





and otherwise being zero up to sign. Then, we have the Ricci eigenvalues as Ai 
A 2 = 0, A 3 = 2, A 4 = -2. 
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Now, we recall the definition of a Singer-Thorpe basis. An orthonormal basis {e{\ of T P M 
(p e M) is called a Singer-Thorpe basis at T p M if the basis {e,} satisfies (\2A\i and 

i?1212 = -^34341 -^1313 — -^2424) -^1414 = -^2323- (2-9) 

We here give a generalization of the Singer-Thorpe basis. 

Definition 1 Let M = (M,g) be a 4- dimensional Riemannian manifold and {e^} be an 
orthonormal basis of T p M at p e M. If the basis {e{\ satisfies (j2.4p and 

-R1212 2 = -R3434 2 , -R1313 2 = -R2424 2 , -R1414 2 = -R2323 2 ) (2.10) 
then the orthonormal basis is called a generalized Singer-Thorpe basis of T p M . 

3 Proof of Theorem B 

First, we shall prove the following proposition which gives a necessary condition for a 
4-dimensional Riemannian manifold to be weakly Einstein. 

Proposition 3.1 Let M = (M,g) be a weakly Einstein manifold and {e^} (1 < i < 4) 
an orthonormal Ricci eigenbasis of T p M corresponding to the eigenvalues A.; (1 < i < 4) 
at any point p G M. Then, we see that the curvature condition 

p 2 p 2 p 2 p 2 p 2 p 2 /o i\ 

X11212 — -tt-3434 , -K1313 — -tt.2424 , -rt-1414 — -K2323 

holds and also the following cases (1) ~ (4) never occur: 

(1) A 1 = A 2 = A 3 (^0), A 4 = 0, 

(2) Ai = A 2 = A 4 (^ 0), A 3 = 0, 

(3) A 1 = A 3 = A 4 (^0), A 2 = 0, 

(4) A 2 = A 3 = A 4 (^0), A 1 = 0. 
Especially, if M is Einstein, then 

i?1212 = -^3434) -^1313 = -^2424) -^1414 = -^2323 

holds for any orthonormal basis {e{\ of T p M . 

Proof. Let M = (M,g) be a weakly Einstein manifold and p any point of M and {e^} 
(1 < % < 4) an orthonormal Ricci eigenbasis of T P M corresponding to the Ricci eigenvalues 
Aj (1 < i < 4) at p, namely, satisfying the following condition 

Qet = Ke, (1 < % < 4). (3.2) 
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Then, from (13. 2p . we get 

|i?| 2 =4{i?i2i2 2 + -R1313 2 + -R1414 2 + -R2323 2 + -R2424 2 + -R3434 2 

+ 4-Ri213 2 + 4-Ri214 2 + 4i?i223 2 + 4i?i 2 24 2 + ^R\UA + 4i?l323 2 (3-3) 
+ 2i?i234 2 + 2i?i342 2 + 2i? 142 3 2 }. 

On the other hand, setting i = j = 1 in the left hand side of (jl.2p . we get 



^ ^ Rabcl^ — 2{i?i212 2 + -Rl313 2 + i?1414 2 ■ 

1 O / T~) 2 1 7~) 2 1 T~) 2 

+^-"1213 + -"4214 + -"1223 " 


"1" -Rl234 2 4" -Rl342 2 + -Rl423 2 

1 D 2|7"> 2iT") 2\ 1 

r -"1224 + -"1314 + -"1323 )f- 


(3.4) 


From (13. 3p. (13. 4p. and taking account of (ll.2p. we 


have the following equality 




p 2 , p 2 , p 2 7? 2 
-"1212 + -"1313 + -"1414 — -"2323 


— i?2424 2 — -R3434 2 = 0. 


(3.5) 


Similarly, we get 






P 2,p 2 , p 2 p 2 
-"1212 + -"2323 + -"2424 — -"1313 


— i?1414 2 — -R3434 2 = 0, 


(3.6) 


p 2,p 2 , p 2 p 2 
-"1212 + -"1414 + -"2424 — -"l313 


— -R2323 2 ~ -R3434 2 = 0, 


(3.7) 


P 2ip 2ip 2 p 2 
-"1212 + -"1313 + -"2323 ~~ -"1414 


— -R2424 2 — -R3434 2 = 0. 


(3.8) 


From (13 .51) and (13. 6p. we have 






P 2 p 2 
-"1212 — -"3434 


= 0. 


(3.9) 


Similarly, from (13 .5p and (|3.7p, we have 






P 2 p 2 
-"1313 ~~ -"2424 


= 0. 


(3.10) 



From (13. 5p and (13. 8p . we have 

-R1414 2 — -R2323 2 = 0. (3-H) 

Thus, from (l3T9|) ~ (ETTT1) . we have (I3TT]) . 

Next, from (13.11) . we see that the following eight cases can be taken into consideration; 
Case (i) -R1212 = -R3434, -R1313 — -R2424, -R1414 = -^2323- 

Then, Ai — A2 = 0, Ai — A3 = 0, Ai — A4 = 0, and hence, Ai = A2 = A3 = A4. 
Case (ii) -R1212 = --^34345 -R1313 = -^2424; -R1414 — -^2323- 
Then, we get also 

Ai — A2 = 0, Ai — A3 = — 2i?i2i2, 

Ai — A4 = — 2i?i212, A2 — A3 = — 2i?i212, 

A 2 — A4 = — 2i?i2i2, A 3 — A4 = 0, 



and hence, Ai = A2, A3 = A4. 

Case (iii) -R1212 = -R34345 -R1313 = ~ -^2424; -R1414 = -^2323- 
Then, we get 

v 3 = o, 

^3 = 2i?i3i3, 
A4 = — 2i?i3i3, 





Ai — A2 = 


— 2i? 1313 , 


Ai 




Ai — A4 = 


— 2i?i3i3, 


A 2 




A2 — A4 = 


0, 


A3 


and hence, Ai = 


A35 A2 = A4. 






Case (iv) #1212 : 


= -R3434, -R1313 — 


-R2424, -R1414 : 




Then, we get 










Ai — A2 = 


— 2i?i4i4, 


Ai 




Ai — A4 = 


0, 


A 2 




A2 — A4 = 


2i?i4i4, 


A 3 


and hence, Ai = 


A4, A2 = A3. 






Case (v) i?i2i2 = 


= -R3434, -R1313 — 


— i?2424, -Rl414 




Then, we get 










Ai + A 2 = 


— 2i? 12 l2, 


Ai 




Ai — A4 = 


— 2i? 1313 , 


A 2 




A2 — A4 = 


2i?i4i4, 


A3 


and hence, Ai + 


A2 = A3 + A4. 






Case (vi) R 1212 - 


= — -^3434; -^1313 


— -^2424) -^1414 — 


Then, we get 










Ai — A2 = 


— 2i?!4 14 , 


Ai 




Ai — A4 = 


— 2i?i 2 i 2 , 


A 2 




A2 + A4 = 


— 2i? 1313 , 


A3 


and hence, Ai + 


A3 = A2 + A4. 






Case (vii) R 12 u 


= — -^3434) -^1313 


= — i?2424) R 


1414 


Then, we get 










Ai — A2 = 


— 2i?1313, 


Ai 




Ai + A 4 = 


— 2i? 1414 , 


A 2 




A2 — A4 = 


— 2i? 1212 , 


A3 


and hence, Ai + 


A4 = A2 + A3. 







R 



2323- 
A3 = — 2i?i4i4, 

A 3 = 0, 

A4 = 2i? 1414 , 



■-^2323- 

■ A3 = — 2i? 141 4, 

- A 3 = 2i? 1313 , 

V A4 = — 2i?i 2 i 2 , 

~^2323- 

" A3 = — 2i? 1313 , 
" A3 = — 2i?i212, 

- A4 = 2i? 1414 , 



-^2323- 

A3 = — 2i?i212, 
A3 = — 2i?!4 14 , 
A4 = — 2i? 1313 , 



Case (viii) -R1212 — — -R3434, -R1313 — — -R2424, -R1414 — —R 



2323 • 
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Then, we get 

Al + A2 = — 2i?i212, Ai + A3 = — 2i?i3i3, 

Ai + A 4 = — 2i?i4i4, A2 + A3 = 2i?i4i4, 

A2 + A4 = 2i?i3i3, A3 + A4 = 2i? 12 i2, 

and hence, Ai + A 2 + A 3 + A 4 = (i.e., r = 0). 

Thus, from the above arguments in Cases (i)~(viii), we see that the cases (1)~(4) in 
Proposition 13 . 1 1 do not occur. □ 

Remark 1 In the proof of Proposition I3.1[ we may note that Cases (ii) to (iv) (also for 
Cases (v) to (vii), respectively) are all essentially equivalent. 

The following examples illustrate Proposition 13.11 Then, from the examples we can easily 
check that M is not a weakly Einstein manifold. 

Example 2 Let M be a Riemannian product manifold of 2-dimensional Riemannian 
manifolds of constant Gaussian curvatures c± and C2 satisfying c\ ^ c\. Then this implies 
that M is not a weakly Einstein manifold. 

Example 3 Let M = (M, g) be a Riemannian product manifold of a 3-dimensional space 
of constant sectional curvature 0) and a real line R. From Proposition 13. 1[ we see 
that M is not a weakly Einstein manifold. 

Remark 2 Based on Proposition 13.11 and the related Examples [2] and [3j it may be seen 
that the statement "for any 4-dimensional Riemannian manifold one always gets (jl.2j) " 
(DO) PP- 165), is incorrect. 

The following examples show that a weakly Einstein manifold is not necessarily Ein- 
stein. 

Example 4 (pj) Let M be a Riemannian product manifold of 2-dimensional Rieman- 
nian manifolds M\{c) and M2(— c) of constant Gaussian curvatures c and — c (c 7^ 0), 
respectively. Then we can easily check that M is not Einstein. We can also easily check 
that M satisfies (11.21) . thus M is weakly Einstein. Further, M belongs to Cases (ii), (vi), 
(vii) and (viii). 

Example 5 Let $j = span K {ei, 62, e%, e^} be a 4-dimensional real Lie algebra equipped 
with the following Lie bracket operation: 

[ei, e 2 ] = ae 2 , [ex, e 3 ] = -ae 3 - be 4 , [ex, e 4 ] = be 3 - ae 4 , 

(3.12) 

[e 2 , e 3 ] = 0, [e 2 , e 4 ] = 0, [e 3 , e 4 ] = 0, 
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where a (7^ 0), b are constant. We define an inner product <, > on q by 
< ej, tj >= 5ij. Let G be a connected and simply connected solvable Lie group with the 
Lie algebra g of G and g the G- invariant Riemannian metric on G determined by <, >. 
From f[3~T2j) . 

Ti34 = -b, r 2 i2 = -a, r 313 = a, r 4 i 4 = a, (3.13) 

and otherwise being zero up to sign. From (12.61) and (13.131) . by direct calculations, we 
have 

-R1212 = a j -R1313 — a j -R1414 = a j 

-R2323 — — fl 2 ) -R2424 = —a 2 , -R3434 = a 2 , 
and otherwise being zero up to sign. From this, we can easily check that M is not Einstein 
since the Ricci curvature components satisfy pn = —3a 2 but p 2 2 = a 2 ■ We also can easily 
check that M satisfies (ll.2p . thus M is weakly Einstein. Then, we see that {G,g) belongs 
to Case (v). 

Remark 3 Jensen [5] proved that a 4-dimensional homogeneous Einstein manifold is 
locally symmetric. We may easily check that Example [5] is homogeneous but not locally 
symmetric. Thus, Example [5] shows that Jensen's result does not necessarily hold for 
weakly Einstein manifolds in general. 

In the remainder of this section, we shall give a proof of Theorem B. 

Necessity: From Proposition 13.11 it suffices to prove that there exists an orthonormal 
Ricci eigenbasis {e.;} of T P M at each point p e M which satisfies (12.41) . Let M = (M,g) 
be a weakly Einstein manifold. Then, from (12.11) . we have also the following equality 

2 E PaiPa i + 2 E P^Riabj ~ TPij ~ \p\ 2 $ij + -rkj = 0. (3.15) 



a a,b 

Setting i — j — lm (13.151) . we get 



2x1 + 2 e X * R ™ - ( E A Ai - E x i + \ ( E x ) 2 = °- ( 3 - 16 ) 

i i i i 

Similarly, we get 

2A 2 + 2 e KR2H2 - ( E A A 2 - E A * + i ( E A 2 = ' 

i i j j 

2A 2 + 2 E A^ 3ii3 - ( E A A 3 - E A * + 7 ( E A *) 2 = °> (3-17) 



2A 2 + 2 e \r** - ( E x ) A 4 - E A * + i ( E X ) 



0. 



S 



Further, setting i — 1, j = 2 in (13.151) . we get the following 



Xa)R 



1323 



0. 



(3.18) 



Similarly, we get 



(A2 — A4)i?i223 — 0, 

(Ai — A 3 )i?i2i4 = 0, 



(A2 — Aa)i?i224 — 0, 
(A x — A 2 )-Ri3i4 = 0. 



(Ai — A 4 )i?i213 — 0, 



(3.19) 



Then, the following cases are considerable: 
Case I Ai = A 2 = A 3 = A4. 



Case II- 1 Ai = 
Case II-2 A x = 
Case II-3 A x = 
Case II-4 A 2 = 
Case II-5 A2 = 
Case II-6 A 3 = 
Case III-l Ai 
Case III-2 Ai 
Case III-3 Ai 
Case IV- 1 Ai 
Case IV-2 A x 
Case IV-3 Ai 
Case IV-4 A 2 



A 2 (= A) 
A 3 (= A) 
A 4 (= A) 
Aa(= A) 
A 4 (= A) 
A 4 (= A) 
= A 2 (= A), 
= A 3 (= A), 
= A 4 (= A), 
= A 2 = A 3 (= A) 
= A 2 = A 4 (= A) 
= A 3 = A 4 (= A) 
= A 3 = A 4 (= A) 



(A 
(A 
(A 
(A 
(A 



A3 7^ A 4 , 
A2 7^ A 4 , 
A2 7^ A 3 , 
Ai 7^ A 4 , 
Ai ^ A 3 , 
Ai ^ A 2 , 
A 3 = A 4 (= 11) 
A 2 = A 4 (= /i) 
A 2 = A 3 (= fi) 
A 47 ^A. 
A 3 ^ A. 
A 27 ^A. 



A 4 7^ A). 
A 4 7^ A). 
A 3 ^ A). 
A 4 ^ A). 
A3 7^ A). 
A 2 7^ A). 

(A^/i). 

(A^/i). 

(A 7^ A*)- 



Ait^A. 

Case V Aj ^ Xj, (i ^ j). 
Case I. The existence of a generalized Singer-Thorpe basis follows immediately from the 
construction of a Singer-Thorpe basis. 

Case V. Then, from (13.181) and (13.191) . we may immediately choose a generalized Singer- 
Thorpe basis. 

Case II- 1. Then, it suffices to consider Cases (v) and (viii). First, we deal with Case 
(v). From (13. 18[) and (13 . 1 9j) . taking account of the equalities in Case (v), we have 



-R1323 
-R1213 



0, i?1223 

0, -R1214 



0, -R1224 
0, -R1313 



0, 

-^2323- 



(3.20) 



Here, we note that all of the relations in (13.201) and Case (v) are preserved under the 
changes of the orthonormal basis satisfying the conditions of Case II-l. We denote the 
2-dimensional subspace of T p M spanned {ei,e2} by V. For any non-zero vector x G V, 
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we denote by x 1 - the vector in V such that \x | = g(x, or 1 ) = 0, and the ordered pair 
{x, x^} and {e^ e 2 } determine the same orientation on V. We define a unit vector e G V 
by 

i^(e, e3, e , e 4 ) — max e 3 , 2; , e 4 ). (3-21) 

iGV, |x|=1 

We set e[ = e, e 2 = e , e' 3 = e^, e 4 = e 4 and define a function (p(t) by 

4>(t) = R(coste[ + sinte' 2 , e 3 , — sinte^ + coste 2 , e' 4 ). (3.22) 

Then, from C I3 . 2 1 H and (13. 22ft . we have 4>'(0) = 0, and hence, 

= - R 'i3u + ^2324 = - 2 ^i3i4 ( and hence, R 232i = 0), (3.23) 

where R[j k i = R(e' i ,e'j,e' k ,e' l ), 1 < i,j,k,l < 4. Then together with (13.231) . the respective 
equalities in (I3.20p and Case (v) corresponding to the orthonormal basis {e-}, we see that 
the orthonormal basis {e^} is a generalized Singer-Thorpe basis. Similarly, we may also 
choose a generalized Singer-Thorpe basis for Case (viii). Further, we may also choose a 
generalized Singer-Thorpe basis for Cases II-2~II-6. 

Case III-l. Then it suffices to consider Cases (ii), (vi), (vii), (viii). First, we consider 
Case (ii). Then, from (13.18)) and (13 . 1 9j) . we have 

-R1223 = 0, -R1224 = 0, -R1213 = 0, #1214 = 0. (3.24) 

Here, we may note that each of the relations in (I3.24p and Case (ii) is preserved under the 
changes of the orthonormal basis satisfying the conditions of Case III-l. Let V be a 2- 
dimensional subspace of T P M spanned by {e±, and V 1 - be the orthogonal complement 
of V in T p M. Then V 1 - is spanned by {e 3 , e 4 }. We define e[ G V and e 3 G V 1 - by 

#( e 'i> e 3> e i> e 3) = max R(x,y,x,y). (3.25) 

xev, yev 1 - 

\x\ = \y\=l 

Further, we choose unit vectors e' 2 G V and e' A G V 1 - in such a way that {ei,e 2 } and 
{e[,e 2 } ({e 3 ,e 4 } and {e^e^}) define the same orientation on V (on I/- 1 , respectively). 
We define the function <fr{t) by 

4>{t) = R(e[, coste' 3 + sinte 4 , e[, coste' 3 + sinte 4 ). 

Then, we have 4>'(0) = 0, and hence 

R' 13l4 = 0. (3.26) 
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Similarly, considering the function ip(t) defined by 

%[){t) = R(coste[ + sinte' 2 , e' 3 , coste^ + sinte 2 , e' 3 ), 
we have ^'(O) = 0, and hence, 

#1323 = 0. (3.27) 

Then, from (13.241) . (13. 261) and (13.271) . we see that the orthonormal basis {e-} is a gener- 
alized Singer-Thorpe basis. Similarly to Case (ii), we may choose a generalized Singer- 
Thorpe basis for Cases (vi), (vii), (viii). Further, we may also choose a generalized 
Singer-Thorpe basis for Cases III-2 and III-3. 

Case IV- 1. Then, it suffices to consider Case (viii) with A ^ 0. Then from (13.181) and 
(I3~T9|) . we have 

#1223 = 0, #1213 = 0, #1323 = 0. (3.28) 

Further, from Case (viii), we have 

#1212 = #1313 — #2323 = — A, 

(3.29) 

#1414 = #2424 = #3434 = A. 

Here, we note that each of the relations in (13.281) and (I3.29P is preserved under the changes 
of the orthonormal basis satisfying the conditions of Case IV- 1. Let V be a 3-dimensional 
subspace of T P M spanned by {ei, 62,63} satisfying that V is orthogonal complement of 
{e 4 }. We define 

#(6^ e 2 , e 2 , e 4 ) = max R(x,y,y,e4), (3.30) 

x, y£V, x-Ly 
\x\ = \y\ = l 

where e' 3 G V such that e 3 J_ e[, e 3 _L e 2 , |e 3 | = 1, e 4 = e^. First, we define the function 
<f>(t) by 

(j)(t) = R(e[, coste' 2 + sinte 3 , coste 2 + sin£e 3 , e 4 ). (3.31) 
Then, by the hypothesis ( I3.30p . we have </>'(0) = O5 an d hence, 

#1234 + #1324 = 0- (3.32) 
Next, we consider the function ip(t) defined by 

ip{t) = #(coste' 1 + sinte 3 , e 2 , e 2 , e 4 ). (3.33) 
Then we have = if}'(0) = # 3224 , and hence, 

#1314 = 0. (3.34) 
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Next, we consider the function ((t) defined by 



C(t) = R(coste[ + sin£e 2 , — sinte^ + cos te' 2 , — sin te[ + coste' 2 , e^). (3.35) 
Then, by the hypothesis we have also = C'{0) = —R'^ia an d hence 

R' 12l4 = 0. (3.36) 



Now, we set 



„_ 1 , 



e.^ — + /-r e 3) 



Then, we have 



y/2 * V2 
V2 62 + 



R{ e li e 2' e 2i e 4) — 2"^^ ei ' e 2 e 3' e 2 e 3' 64 



(3.37) 



2 + -^1324 + -^1234 + -^1334} — 



by virtue of (I3.32p . and hence, 



-R1224 — 0- (3.38) 
Here, we set R"j kl = R(e", e", e k , e"), 1 < i, j, k, I < 4. Similarly, from (13.371) . we have 

-^1214 = ~~/^R( e li e 2 + e 3i e l) e A) = ~7^{Rl21A + -^1314) = 0' 

1 VZ l l (3.39) 

-^1314 = "y^"^^ 1 ' ~ e 2 e 3' e l' e 4) = ~~^(~Rl214 + ^1314) = 

by virtue of (I3.34p and (I3.36p . Thus, from (13.381) and (13.391) . we see that the orthonormal 
basis {e'l } is a generalized Singer-Thorpe basis. Similarly, we may also choose a generalized 
Singer-Thorpe basis for Cases IV-2~IV-4. 

Sufficiency: We assume that M = (M, g) admits a generalized Singer-Thorpe basis 
{ej}. From the condition (12 .4p . we see that (13. 1 8[) and (I3.19P hold on M. Further, by 
substituting \ = ^ k Rikki (1 < i < 4) to the left hand sides of ( 13 . 1 6[) and (I3.17p . 
and taking account of (13. ip . we see also that each equation in (I3.16P and (I3.17P holds. 
Therefore we see that M satisfies the curvature condition (I3.15p . Thus M is a weakly 
Einstein manifold by virtue of (12. ip . This completes the proof of Theorem B. □ 
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4 An application 



In this section, we shall give a generalization of the Hitchin inequality for a 4-dimensional 
compact oriented Einstein manifold. Let M = (M, g) be a compact oriented weakly 
Einstein manifold. Then, from Theorem B, we may choose an generalized Singer-Thorpe 
basis {e{\ of T P M at any point jjgM compatible with the orientation of M . We set 



(4.1) 





— Rl212i 


oi 2 


— #1313) 


»3 


= #1414 


II 


= i?3434, 


11 

°2 


= #2424, 


«3 


= #2323 


01 


= #1234) 


02 


= #1342, 


03 


= #1423- 



Then, from (14. ip . by the first Bianchi identity, 

Pi + 02 + 03 = 0. (4.2) 

Further, we set a' = (a[, a' 2 , a' 3 ), a" = (a", o^', a'l) and b = (01,02,03) and denote 
the canonical inner product by <, > on the 3-dimensional Euclidean space M 3 . We set 
|x| = y/< x, x > for any x G M 3 . Then we may note that |a'| = |a"| by virtue of (12.101) . 
Now, we denote the Euler number and the first Pontrjagin number of M by x(M) and 
Pi(M), respectively. Then, from (I4.ip . applying the similar arguments in [J], we have the 
following equalities: 

X (M) = ^J {< a', a" > + |b| 2 }^ (4.3) 



and 

Pl (M) = -L / < a' + a", b > dv g , (4.4) 

Z7r ->M 



where dv g is the volume element of M. Now, we set 



a=^(a' + a"). (4.5) 



Then, by (14. 5p . the equalities f !4.3p and f)4.4p are rewritten respectively by 

X (M) = {2|a| 2 - |a'| 2 + \b\ 2 }dv g , (4.6) 

Pl (M) = ^- 2 [ 2<a,b>dv g . (4.7) 



M 
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Then, from (14. 6 j) and (14. 7p . we have the following: 

2 X (M)± Pl (M) 

\ [ {|a| 2 + |b| 2 ±2<a,b>+|a| 2 -|af}A; 



2tt 2 

i r (4. 



2tt 2 



/ {|a±b| 2 + |a| 2 - |a'| 2 }(fo 5 

J M 



>_L£ {|a|Ma?}(i „ 5 . 



We set / = |a| 2 — |a'| 2 , Then, from the definition of the vectors a', a" and a, taking 
account of the proof of Proposition 13.11 we have 

f = for Case (i), (4.9) 

/ = - A 3 ) 2 (Ai = A 2 , A 3 = A 4 ) for Case (ii), (4.10) 



1 

1' 



A3) 2 


(Ai 


= A 2 


,A 3 


= A 4 ) 


for Case 




A 2 ) 2 


(Ai 


= A 3 , 


A 2 


= A 4 ) 


for Case 


(iii 


A3) 2 


(Ai 


= A4, 


A 2 


= A 3 ) 


for Case 


(iv 



(4.11) 



/ = ~(Ai - A3) 2 (Ai = A 4 , A 2 = A 3 ) for Case (iv), (4.12) 

/ = -^{(A 1 -A 3 ) 2 + (A 1 -A 4 ) 2 } (Ai + A 2 = A 3 + A 4 ) for Case (v), (4.13) 

/ = -^{(A 1 -A 2 ) 2 + (A 1 -A 4 ) 2 } (Ax + A 3 = A 2 + A 4 ) for Case (vi), (4.14) 

/ = -^{(Ai-A 2 ) 2 + (A 1 -A 3 ) 2 } (Ax + A 4 = A 2 + A 3 ) for Case (vii), (4.15) 

f = -\{fri + + ( A i + A 3) 2 + (Ai + A 4 ) 2 } 

(Ai + A 2 + A 3 + A 4 = 0) for Case (viii) 

at p G M. Then from (l4.10pMI4.16l) . we see that / gives rise a continuous function on M 
and further, / = holds at p if and only if Ai = A 2 = A 3 = A 4 holds at p (namely, M is 
Einstein at p). Therefore, summing up the above arguments we have finally the following 
Theorem. 

Theorem C Let M = (M, g) be a compact weakly Einstein manifold. Then, the following 
inequality holds on M: 

2 X (M)± Pl (M)>C, (4.17) 
where C = ^ J A/ {|a| 2 - \sL'\ 2 }dv g < 0. 
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Remark 4 Since pi(M) = 3a(M) (a(M) is the Hirzebruch signature of M), from The- 
orem C together with the proof, we see that the inequality ( 14.170 reduces to the Hitchin 
inequality |1] 

2 X (M) >3\a(M)\, (4.18) 

for the case where M is Einstein. Thus, the inequality (14.170 in Theorem C is regarded 
as the generalization of the Hitchin inequality (14.180 . 

The following example illustrates Theorem C and Remark HI 

Example 6 Let M\ and M 2 be a unit 2-sphere and a compact oriented surface of genus 
m (m > 2) with constant Gaussian curvature —1, respectively, and further, M be the 
Riemannian product of Mi and M 2 , M = Mi x M 2 . Then, we may easily check that M is 
a compact, oriented weakly Einstein manifold which is a special case of Example HI Then, 
by taking account of the Kiinneth formula, the Gauss-Bonnet formula and the formulas 
in [4], we have 

X (M) = 4(1 - m), pi(M) = (thus, a(M) = 0), and C = 8(1 - m). (4.19) 

Therefore, from (14.190 . we see that the equality sign of the inequality ( 14.170 in Theorem 
C holds for M, but M does not satisfy the Hitchin inequality ( 14.180 . 
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